Abstract: This paper attends to the problem of vibration of a self-excited mechanical system with a relatively complicated, history dependent dry friction model. The experimentally identified friction model allows description of various cases of stationary and transient motion. The system is composed of a lumped mass that interacts with a belt by means of dry friction. The system is additionally subjected to an external harmonic excitation through elastic element. The main objective of the experimental research has been focused on the analysis of the system behaviour for various values of the excitation frequency. This paper includes also computer simulation of the vibration of the considered system and comparison between the results of experimental and theoretical analysis. The comparison enables the assumed friction model for steel-polyester pair to be verified. It was another goal of the investigations.
1 Introduction * † Vibration caused by dry friction is one of the essential elements of nonlinear dynamics. Apart from engineering applications, friction-induced vibration can be frequently noticed in everyday situations, although, they are sometimes undesirable and avoided as a reason of noise and wear of the rubbing elements. In modern engineering systems very high operating precision is necessary for correct working of various types of manipulators. Examples of this are manipulators used for the production or the assembly of electronic elements, or medical manipulators. The self-sustained vibration appearing in such systems can disturb the precision of operation, destroy the electronic elements or can cause danger to human health or life. As results of the above quoted examples there is a need for investigations leading to the elimination of the self-excited vibration or the diminishment of its amplitude [1, 2] .
Another engineering problem, significant in design and operating of rail vehicles, is wheel/rail contact, whose issue accounts for the wavy outline of rail wear, that is, corrugations. Considering different nonlinear nonsmooth friction laws, it shows that according to the friction model, rolling moment of the wheel oscillates in time qualitatively different [3] . It has confirmed that the behaviour of the system, in particular existence of self-excited vibration, depends on the analysed friction model. Since the method of discretization influenced the outcome of the observations, some theoretical and experimental research enables the distinguishing of numerical and physical effects should be carried out. It is also obvious that accepting an improper friction model makes it impossible to obtain theoretical results that would confirm the experimental ones.
This study, unlike some previous ones which examined simpler models of friction (e.g. [4, 5] ), deals with a more complex model which has been experimentally identified. The friction force depends on: the velocity of relative motion, the acceleration, sticking time (adhesion), and force rate. It is worth emphasizing that the friction model (used in the simulation), which meets the standards of steel-polyester pair, is sensitive to the motion history (cf. [6, 7] ). This paper illustrates the results of experimental investigations and numerical simulation of self-excited vibration of a system subjected to harmonic external excitation. The analysis presented in the paper is based on the previous studies of forced vibration whose results are given in [8, 9] .
Model of self-and externally excited system
A self-excited system that occurs in reality is usually modelled as a rigid body of mass M interacting frictionally with a longitudinally undeformable belt (Figure 1 ). The belt moves at a constant velocity S. As depicted in the figure, the body is attached to the reference frame by a viscoelastic element described by the Voigt model. Moreover, the system is subjected, through the elastic element, by the external excitation U (τ ). The elastic element is described by the Hook model.
The external harmonic excitation:
where U 0 and Ω denote excitation amplitude and frequency respectively, τ is the time, disturbs the force in elastic element as follows: where X is the lumped mass deflection from the state of equilibrium, K 1 denotes the stiffness coefficient.
Assuming that the state of equilibrium point is the state where the forces in the springs equal zero, the equation of motion of the investigated system reads:
where M denotes the mass of the body, D is viscous damping coefficient, K 2 is the stiffness coefficient, F is the friction force between the body of mass M and the belt, F s is the static friction force, W denotes the relative velocity of the body and the belt:
. After introducing the following dimensionless quantities:
where τ 0 is the time unit:
, F 0 is the friction unit (e.g. body weight or normal force), Eq. 3 can be described as follows:
where dimensionless parameters are: u 0 and η are amplitude and frequency of excitation, respectively, f (w, f s , sgnẇ) is a function describing the friction model, f s is the static friction force, d denotes damping coefficient, w is relative velocity of the rubbing surfaces:
, and s denotes the belt velocity.
Experimental investigations
Experimental research aiming at investigating the behaviour of the self-and externally excited system was carried out using the test-stand that consists of two systems: mecha-nical and non-contact, optically-electronical measuring system. The mechanical system, due to the model shown in the Figure 1 , is composed of a mobile steel mass block that interacts frictionally with the conveyor belt made of polyester (see Figure 2) . A drive of electric motor (of continuously controlled velocity) is delivered to the belt. The block is connected via springs of linear characteristics, on one side to an external excitation and on the other side to a fixed support, what is visible in Figure 3 (a). The driven, by an electric motor, excitation allows application of various values of excitation amplitude and excitation frequency. Rotational speed (excitation angular frequency Ω) of the motor, measured by the sensor, depends on supply voltage U i as shown on control characteristic for block-loaded and not loaded external excitation (Figure 3(b) ). A system of visualization, acquisition and digital handling of data (cf. [6] ) was adopted for the measuring. The system consists of: the monochromatic camera with fast shutter, the digitally controlled video recorder, the analog-to-digital converter card, and dedicated software 'IPS' (Image Processing System). The converter card transforms the video signal into the digital form. The stand allows investigation of various materials of frictional pairs for different values of the following parameters: number of bodies, the belt velocity, initial conditions, stiffness, mass, the excitation amplitude and frequency. The course of experiment, applying optically-electronical measurement method, has been particularly described in [6] .
As a result of the experiment, coordinates of the body in motion are achieved. On the basis of the coordinates, using the 'IPS' software, it is possible to determine dynamic characteristics of the mass block motion, i.e. relations of the displacement, the velocity and the acceleration in time, phase planes, acceleration spectra (actual and total). Such dependences allow investigation of the behaviour of self-and externally excited system. This is the objective of the following experimental analysis.
Measurements of the system vibration
In order to investigate the system behaviour, phase trajectories of the lumped mass motion at given values of the belt velocities s, excitation amplitudes u 0 and changeable values of frequency η were determined. The results of the measurements for various external excitation frequencies are presented (using piece-wise linear approximation, marked by a red line) in Figures 6 and 7 . The left plots show the excitation displacements u versus time t, and the right -phase plane plots of the lumped mass motion corresponding to the excitation.
The plotted examples of system motion have been derived from the testing performed for the following parameters of the real system: M = 0.64 kg, K 1 = K 2 = 178 N/m, assuming D = 0.01 kg/s. Figure 6 depicts the behaviour of the system for assigned s = 0.10, u 0 = 0.90 and various values of the excitation frequency η. The system exhibits existence of qualitatively different behaviour. For the value of excitation frequency equal to zero, the system trajectory, after a transient motion, approaches the limit cycle attractor (see Figure 6(a) ). The stationary system motion takes the form of one-periodic vibration, such as that one appearing for the system without external excitation (cf. [6] ). For the rise in the values of frequency η = 0.20 the system behaves similarly to the previously observed behaviour that is limit cycle, but in the form of two-periodic motion (Figure 6(b) ). However, when increasing the excitation frequency η = 0.60 there appears qualitatively new system motion (see Figure 6 (c)) which takes the form of non-periodic vibration. All abovedescribed system behaviour reveals existence of the stick mode during each cycle of the lumped mass motion. The mode, which is represented by the horizontal line on the phase plane plot, is characteristic of stick-slip vibration. Occurrence of one-, two-and non-periodic (chaotic) motion indicates that the period doubling exists in the considered system.
Trajectories of system motion at the same values of the excitation parameters as assigned previously (u 0 ,η) and different value of the belt velocity s = 0.16, are plotted in Figure 7 . Figures 7(a) and 7(c) appear like the above-described system behaviour that is one-periodic and non-periodic motion, respectively. There is occurrence of stick mode in all vibration cycles of both cases of the system motion. Nevertheless, at certain value of the excitation frequency η = 0.20, the system behaviour is characterized by the existence of transient motion in the form of stick-slip vibration, which passes to the quasi-harmonic (without the stick mode) non-periodic oscillations. The described system motion is visible in Figure 7(b) .
The goal of the following study is the computer simulation of the system motion to compare the experimental results with the ones obtained theoretically.
Computer simulation of the system motion
Computer simulation of motion of the considered self-and externally excited system makes it possible to examine the system properties and to compare results of the calculation with the experimental outcome. Analysis was carried out at the same values of parameters like that fixed in experiments, i.e.: the system parameters (belt velocity s, damping coefficient d), external excitation parameters (frequency η, amplitude u 0 ) and initial conditions (set of initial displacements x 0 and initial velocitiesẋ 0 of the lumped mass). In the simulation, the sensitive to the system history dry friction model which meets the standards of steel-polyester pair, was applied.
Description of friction model
On the basis of the results of investigations into the system in the case of stick-slip [6] , and quasi-harmonic vibration [7] , a function was assumed that would describe the friction force. The force is dependent on the following physical parameters of the system: relative velocity of the lumped mass and the belt w, the static friction force f s , and the sign of relative acceleration sgnẇ. Experimental results for the case of steel-polyester friction pair (cf. [6] ), allow application of the static friction force as a function of the following parameters (see Figure 4) :
where t s is the time of adhesion (sticking) of the lumped mass to the belt: t s = t 2 − t 1 , t 1 and t 2 denote initial and final moment of adhesion, respectively, δ is the force rate: δ = dfs dt t=t 2 = s. Allowing for the dependence 6, the equation of motion 5 of the investigated system can be expressed in the following form:
A corresponding system of differential ordinary equations of the first order, which enable definition of the state parameters of the system, reads as:
where In the considered matter, i.e. the steel-polyester frictional pair, the friction force f is described by a piece-wise linear model. General shape of the friction model is depicted in Figure 5 . In the figure the arrows show the course of the friction force change during the lumped mass motion. Elements of the friction characteristic that appear for quasiharmonic vibration are marked by a red broken line. The angles of inclination of respective parts, change depending on the conditions of the mass motion, which are described by the properly introduced geometrical parameters of the model. The above dependences and the influence of the relative acceleration on the friction force have been discussed in detail in [6] and [7] . Stability analysis of the self-excited system in the case of the assumed dry friction model has been presented in [10] .
Such formulation of the friction model makes it possible to describe regular and irregular system dynamics as well as transient motion between the stationary system states. Since the model describes not only history dependent stick-slip and quasi-harmonic vibration but also bifurcational transitions between above vibration (cf. [9] ), it was used for the theoretical analysis of the real system motion.
Theoretical analysis
Theoretical analysis for the assumed friction model leads not only to a more complete knowledge of the system properties. It also allows estimation of the correctness of the friction model, which was previously formulated and verified in the case of self-excited vibration without external excitation (cf. [6, 7] ). Assumption of the piece-wise linear friction model enables the analytical integration of the equation of the system motion, to avoid the approximation resulting from numerical integration. The simulation technique has been described in detail in [6] and [9] .
What was tested during the computer simulation was the compatibility between the theoretically calculated phase trajectories of motion of the considered system, and the ones obtained experimentally. The compatibility concerns quantitative properties (corresponding values of displacement and velocity), as well as qualitative properties (occurrence of specified solutions). According to the experimental results, the left plots in Figures 6 and 7 , present the external excitation shapes assumed in the simulation (marked by a blue line). The results of the computer simulation, i.e. phase plane plots of the lumped mass motion, are presented on the right plots (a blue line). Similarly to the results obtained in the experiments, the theoretical investigations demonstrate also the existence of one-periodic (Figures 6(a), 7(a) ), two-periodic ( Figure 6(b) ) and non-periodic (Figures 6(c), 7(c)) motion in the form of stick-slip vibration. However, for certain value of excitation frequency one receives the system behaviour for which the stick-slip vibration passes through non-stationary motion to the non-periodic quasi-harmonic solution (Figure 7(b)). Exhibited system motion is also compatible with the experimentally obtained results.
The verification of the results revealed some quantitative discrepancies. They were the result of a limited precision of the measurement system and of simplifications of the theoretical analysis. Nevertheless, the computer simulation has confirmed qualitative system behaviour. 
Concluding remarks
Experimental research and computer simulation of motion of a system with simultaneous self-and external excitation for the elaborated friction model confirmed the essential influence of the belt velocity on the system behaviour. Moreover, the external excitation resulted in occurrence in the system: one-, higher-and non-periodic (chaotic) solutions. Some interesting examples of regular and irregular dynamics have been illustrated and discussed.
It appeared that periodicity of the solutions depends on external excitation parameters (frequency, amplitude), but the belt velocity influences the form of solutions. They can be characterized by occurrence or vanishing of the stick mode even within the range of small velocities, for which stick-slip oscillations in the system without external excitation appear. Consequently, together with the change of belt velocity at constant excitation parameters, qualitatively new types of oscillations can be noticed in the system. Appearance of a qualitatively different behavior of the system motion for a certain value of the parameter allows supposition that the bifurcational transition exists in the system. This was observed in experimental investigations and confirmed in the theoretical analysis.
The convergence of theoretical and experimental results was possible by applying in the computer simulation the friction model, which is sensitive to the system history. This work has proved the utility of the friction model for dynamical analysis of more complex vibrating systems with friction.
